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ABSTRACT: A phenomenological model that incorporates swelling is adopted and used
to solve the one-dimensional sorption problem. The model predictions are in good agree-
ment with experimental data, involving the transport of dichloromethane, trichloro-
ethylene, and benzene through high-density polyethylene and poly(vinyl chloride) geo-
membranes. The theoretical curves predict weight-gain and flux-time profiles, includ-
ing the case where the flux goes through a maximum. q 1998 John Wiley & Sons, Inc.
J Appl Polym Sci 67: 1885–1889, 1998
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INTRODUCTION MATHEMATICAL MODEL

Geomembranes are widely used as sealants against Following Edwards and Cohen5 we assume that
fluid percolation and buffers against pollutants. As the chemical potential m is a function of the con-
such, they are extensively utilized as liners to sepa- centration c and the stress s. The equation gov-
rate chemicals from the surrounding environment in erning the process of diffusion is
landfills, ponds, and underground storage tanks. A
comprehensive study of the barrier properties of Ìc

Ìt
Å divF ÌmÌc

grad c / Ìm
Ìs

grad sG (1)geomembranes is of utmost importance.
Several recent studies have evaluated the diffu-

sivities of contaminants through polymeric geome- As a first approximation we assume that S ÌmÌc Dmbranes.1–3 It has been observed that in many
cases the diffusion of the penetrants is accompanied and S ÌmÌsD are constants and are denoted by D
by a swelling of the membrane, and in this case
Fick’s laws are no longer applicable.4 The transport and E , respectively.
of the penetrants through the membrane can be Equation (1) simplifies to
considered to be driven by the usual molecular diffu-
sion and by a stress associated with the swelling of Ìc

Ìt
Å DÇ2c / EÇ2s (2)the membrane. In this article we present a phenom-

enological model of diffusion through polymers
which incorporates both mechanisms.

We need to introduce a constitutive equation
to describe the evolution of s and its relation to

Correspondence to: D. De Kee.
c . We propose two equations which are the ana-
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q 1998 John Wiley & Sons, Inc. CCC 0021-8995/98/111885-05 logs of the Maxwell and the Jeffreys models in
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linear viscoelasticity.6 The Jeffreys model can be c*(x*, t*) Å u (x*, t*) / f ( x*) (8)
written as

Substituting eq. (8) into eq. (7), we obtain
Ìs
Ìt
/ bs Å y1

Ìc
Ìt
/ y2

Ì2c
Ìt2 (3)

Ì2u
Ìt*2 /

Ìu
Ìt*

Å g1
Ì2u
Ìx*2 / (g1 / g2)

where b is a constant and is the reciprocal of the
relaxation time, and y1 and y2 are constants. By 1 Ì3u

Ìx*2Ìt*
/ g2g3

Ì4u
Ìx*2Ìt*2 /

d2 f
dx*2 (9)

setting y2 Å 0, we have the Maxwell model.
If the polymer is in the glassy state, b is small

and can be neglected; however, if it is in the rub- We choose f such that
bery state, b is not negligible. We assume that
the membrane is in a rubbery state. d2 f

dx*2 Å 0, (10a)Note that if E Å 0, eq. (2) reduces to Fick’s law.
We next solve the one-dimensional sorption

f (0) Å 1, f (1) Å 0 (10b), (10c)problem.

The solution is
Formulation

We consider the one-dimensional diffusion through f Å 1 0 x* (11)
a membrane of thickness l . The diffusion is in the
x-direction and the surface x Å 0 is kept at the The conditions that u has to satisfy are now
saturation concentration cs . We introduce the fol-
lowing dimensionless quantities: u (0, t*) Å u (1, t*) Å 0,

(12a) – (12c)u (x*, 0) Å x* 0 1c* Å c /cs , x* Å x / l , s* Å s / (y1cs ) , t* Å bt ,

g1 Å D / ( l2b ), g2 Å Ey1 / ( l2b ) , g3 Å y2b /y1 The function u can be written as

Equations (2) and (3) in dimensionless form are
u (x*, t*) Å e0l t*v (x*) (13)

Ìc*
Ìt*

Å g1
Ì2c*
Ìx*2 / g2

Ì2s*
Ìx*2 (4) where l is a constant with positive real part.

Equations 12(a) and 12(b) imply
Ìs*
Ìt*

/ s* Å Ìc*
Ìt*

/ g3
Ì2c*
Ìt*2 (5) v (0) Å v (1) Å 0 (14a), (14b)

Substituting eq. (13) into eq. (9) and using eqs.The initial and boundary conditions are
(10a), (14a), and (14b) we deduce that

c*(x*, 0) Å 0, s*(x*, 0) Å 0,
v (x*) Å b sin mx*, (15a)c*(0, t*) Å 1, c*(1, t*) Å 0 (6a)–(6d)

m2 Å l (l 0 1)/[l (g1 / g2) 0 g1 0 l2g2g3]

Å s2p2 (15b), (15c)Solution

Eliminating s* from eqs. (4) and (5) yields
where b is a constant, and s is a positive integer.

From eqs. (15b) and (15c) we can solve for l:Ì2c*
Ìt*2 /

Ìc*
Ìt*

Å g1
Ì2c*
Ìx*2 / (g1 / g2)

l Å [1 / s2p2(g1 / g2)]

1 Ì3c*
Ìx*2Ìt*

/ g2g3
Ì4c*

Ìt*2Ìx*2 (7) {
√

[1 / s2p2(g1 / g2)]2

0 4s2p2g1(1 / s2p2g2g3)

We assume the solution to be of the form 4 2(1 / s2p2g2g3) (16)
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We now consider the Maxwell and the Jeffreys v2
s Å {4s2p2g1(1 / s2p2g2g3)

models separately. 0 [1 / s2p2(g1 / g2)]2}

4 [2(1 / s2p2g2g3)] (23c)Maxwell Model

In this case g3 Å 0, the term inside the square Proceeding as in the case of the Maxwell model,
root in eq. (16) is positive, we write l as ls , and we obtain
eq. (16) becomes

c* Å (1 0 x*) / ∑
`

sÅ1

e0ast*(ascos vst*ls Å { [1 / s2p2(g1 / g2)]

/
√
[1 / s2p2(g1 / g2)]2 0 4s2p2g1} /2 (17) / bssin vst*)sin spx* (24a)

as Å 02/(ps ) ,Combining eqs. (8), (11), (12c), (13), (15a), and
(17) yields bs Å as[v2

s / as (as 0 1)]/vs (24b), (24c)

c*Å (10 x*)0 2
p

∑
`

sÅ1

exp(0lst*)sin spx*
s

(18) Q (t*)
Q (` )

Å 10 4
p2 ∑

`

sÅ0

e0a2s/1t* (a2s/1cos v2s/1t*
/ b2s/1sin v2s/1t*)

(2s/ 1)
(25)

The mass of penetrant Q (t*) in the membrane at
time t* is F

lbcs
Å g1F1 0 ∑

`

sÅ1

(01) sspe0ast*

Q (t*) Å *
1

0
c*(x*, t*) dt* (19) 1 (ascos vst / bssin vst )G (26)

On integrating we obtain

RESULTS AND DISCUSSIONQ (t*)
Q (` )

Å 1 0 8
p2 ∑

`

sÅ0

exp(0l2s/1t*)
(2s / 1)2 (20)

It is seen from eqs. (20), (22), (25), and (26) that,
for the Maxwell model, the quantities Q (t*)/Q (` )where Q (` ) is the value of Q (t*) as t* r ` .
and F / ( lbcs ) attain their equilibrium valuesThe flux F at time t* leaving the surface
monotonically and do not have a maximum,x* Å 1 is given by
whereas for the Jeffreys model these quantities
may have maxima.

FÅ0D
Ìc
ÌxZxÅl

Å0lbcsg1
Ìc*
Ìx*Zx *Å1

(21a),(21b) We show that both possibilities exist.
Figures 1 to 3 show the experimental values of

Q (t ) /Q (` ) versus t1/2 for the liquid sorption of
Combining eqs. (18) and (21b) yields dichloromethane (DCM), trichloroethylene (TCE),

and for the vapor sorption of DCM in high-density
polyethylene (HDPE) geomembranes.F

lbcs
Å g1F1/ 2 ∑

`

sÅ1

(01) sexp(0lst*)G (22)
The experimental procedures are described by

Xiao and colleagues.3 In all three cases Q (t ) /Q (` )
has no maximum and it is sufficient to considerJeffreys Model
the Maxwell model.

In this case we assume that g3 is much greater The experimental data are in good agreement
than g1 and g2 , and that the terms inside the with the model predictions [eq. (20)] . We note
square root are negative. Equation (16) is now that in the case of liquid sorption of DCM, g2ú g1 ;
written as whereas in the case involving vapor sorption,

g1 ú g2 . We may conclude that liquid sorption is
l Å as { ivs , (23a) mostly stress-driven and that vapor sorption is

controlled mostly by molecular diffusion.
as Å [1 / s2p2(g1 / g2)]

Figures 4 and 5 illustrate flux-time evolutions
in the case of pure benzene and a DCM aqueous4 [2(1 / s2p2g2g3)] (23b)
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Figure 3 Q (t ) /Q (` ) versus t1/2 for DCM vapor at 100
mm Hg in contact with a HDPE (HD40) geomembrane
at 303 K. (l ) Experimental data, ( ) model predic-

Figure 1 Q (t ) /Q (` ) versus t1/2 for liquid DCM in a tions (eq. 20). g1 Å 4.2 1 1002 , g2 Å 6.2 1 10010 , b
HDPE (HP40) geomembrane at 303 K. (l ) Experimen- Å 3.8 1 1005 .
tal data; ( ) model predictions (eq. 20). g1 Å 1.8
1 10011 , g2 Å 1.0 1 1005 , b Å 9.3 1 1005 .

the agreement between experimental data and
model predictions is reasonably good, althoughsolution through poly(vinyl chloride) (PVC) geo-
the predicted maxima are lower than the experi-membranes. In this case F goes through a maxi-
mental values. The cause for the poor predictionsmum and we compare the experimental data with
at small times may be due to the fact that initiallythe Jeffreys model [eq. (26)] . It can be seen that
the membrane is in a glassy state (b É 0) and we
have assumed it in a rubbery state. Furthermore,
it has been observed that the concentration at the
surface x Å 0 reaches the saturation value only

Figure 4 F versus t in a benzene PVC (GEO SF220)Figure 2 Q (t ) /Q (` ) versus t1/2 for liquid TCE in a
HDPE (HP40) geomembrane at 303 K. (l ) Experimen- system at 298 K. (l ) Experimental data, ( ) model

predictions (eq. 26). g1 Å 8.88 1 1005 , g2 Å 8.19tal data, ( ) model predictions (eq. 20). g1 Å 1.5
1 10012 , g2 Å 3.0 1 1005 , b Å 2.0 1 1007 . 1 1002 , g3 Å 1.15 1 103, b Å 2.52, l Å 0.52 mm.
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tribute the existence of a maximum in F to s and
to consider the Jeffreys model.

We have shown that the model considered here
is simple enough to allow for exact solutions to
diffusion problems and can describe the behavior
of organic penetrants through geomembranes.
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